In this work we present some new results on convolution and subordination in geometric function theory. We prove that the class of convex functions of order α is closed under convolution with a prestarlike function of the same order. Using this, we prove that subordination under the convex function order α is preserved under convolution with a prestarlike function of the same order. Moreover, we find a subordinating factor sequence for the class of convex functions. The work deals with several ideas and techniques used in geometric function theory, contained in the book Convolutions in Geometric Function Theory by Ruscheweyh (1982) .
Introduction
Let H denote the class of analytic functions in the unit disc ∆ = {z : |z| < 1} on the complex plane C. Let A denote the class of all functions f ∈ H normalized by f (0) = 0, f ′ (0) = 1. A set E is said to be convex if and only if it is starlike with respect to each of its points, that is if and only if the linear segment joining any two points of E lies entirely in E. Let f ∈ H and let f be univalent in ∆. Then f maps ∆ onto a convex domain if and only if
(1.1)
Such a function f is said to be convex in ∆ (or for short convex). The condition (1.1) for convexity was first stated by Study [1] . Let K denote the subclass of A consisting of functions satisfying (1.1). By coK we denote the convex hull of the class of convex functions K, that is the set of all convex combinations of functions belonging to K. Let us recall from [2] that the closure of the set coK is
Now let f (0) = 0 and let f be analytic univalent in ∆. Then f maps ∆ onto a starlike domain with respect to w = 0 if and only if
Re zf
Such a function f is said to be starlike in ∆ with respect to w 0 = 0 (or for short starlike). The condition (1.3) for starlikeness is due to Nevanlinna [3] . It is well known that if an analytic function f satisfies (1.3), f (0) = 0 and f ′ (0) ̸ = 0 then f is univalent and starlike in ∆.
One can alter the conditions (1.1) and (1.3) by setting other limitations on the behaviour of zf
In this way many interesting classes of analytic functions have been defined (see for instance [4] ). In [5] Robertson introduced the classes S * α , K α of starlike and convex functions of order α < 1, which are defined by 5) respectively. If α ∈ [0, 1), then a function in each of these sets is univalent; if α < 0 then it may fail to be univalent. In particular, we define S *
Let us define Ω = {w ∈ H : ω(0) = 0, |ω(z)| < 1} . We say that the f ∈ H is subordinate to g ∈ H in the unit disc ∆, written f ≺ g, if and only if there exists an analytic function
. The problems on subordination are often considered under an additional assumption that g is also a univalent function. Hence, if g is univalent in ∆, then f ≺ g if and only if
The convolution has the algebraic properties of ordinary multiplication. A lot of convolution properties were studied by Ruscheweyh in [6] where he found several applications in various fields. The subordination under convex univalent functions in connection with the convolution is a very interesting topic and such problems are considered in the present work. A general question considered in this work is: does convolution preserve subordination? More explicitly, our aim is to find such conditions for F , G that the implication
holds for any f ∈ H and g ∈ H.
The main results
In this section we study convex functions of order α, mainly the consequences of subordination under such functions. Let R α be the class of prestarlike functions of order α ≤ 1. Recall that f ∈ R α whenever f ∈ A and f satisfies
The prestarlike functions play a central role in some important situations. The special cases α = 0, 1/2 and 1 give
Therefore, the classes of prestarlike functions give a continuous passage from the class of convex functions to its closed convex hull. It is worth recalling that a prestarlike function of order α is univalent whenever α ≤ 1/2; otherwise it might even be not locally univalent [7] . The lemma that we present next will be useful several times in this work. It also found a lot of applications in other work. It is in fact, a special case of a more general result; see [6, p. 37 ].
Lemma 2.1 ([6, pp. 54-55]). For
It is known (see [8] ) that for α ≤ 1,
and (see [6, p. 63] ) that for α < 1,
where C α denotes the class of close-to-convex functions of order α. Recall that f ∈ A is said to be in C α , 0 ≤ α < 1, if and only if there exist g ∈ S * α and ϕ ∈ R such that
The functions in C 0 are called close-to-convex and they form an important subclass, larger than S * , of the class of univalent normalized functions S. Notice that R 0 = K; thus for α = 0, (2.2) becomes the earlier result, K * K ⊂ K, which was conjectured by Pólya and Schoenberg [9] and which was proved in [10] by Ruscheweyh and Sheil-Small. However, the fact that K α is closed under convolution with R α seems to have been missed in the literature. The following result fills this gap.
Moreover,
Proof. Using the properties of convolution, we obtain
(2.6)
From our assumptions, f ∈ R α and zg ′ ∈ S * α , by (1.5). Thus, by Lemma 2.1 we get
. Therefore, from (2.6) we obtain
To obtain (2.5) note that z/(1 − z) ∈ R α for all α, and for each h ∈ K α we have z
and thus every h ∈ K α can be expressed as a convolution of a prestarlike function of order α and a convex function of order α.
In the same way as above we can prove that the inclusion relations (2.2) and (2.3) may be replaced by the equalities. To prove of the main result we need the following lemma. Re zf
Proof. Let us consider the function 
which was conjectured in [11] by Wilf and proved by Ruscheweyh; see [6, p. 86] . Thus Theorem 2.4 is a generalization of (2.9). Another generalization of (2.9) is the following theorem due to Ruscheweyh and Stankiewicz [12] , which has found a lot of interesting applications.
Theorem 2.5 ([12]). Let F and G be convex univalent functions. Then for all functions f
Note that in Theorem 2.5 there is no assumption about the normalization of F and of G. A lot of the results based on this helpful theorem can be found in [13] [14] [15] [16] [17] . It would be interesting to check (2.10) under other assumptions on F or on G instead of convexity. We point out here that (2.10) becomes false if we replace the assumption that G is a convex univalent function with the assumption that G is a starlike univalent function. Indeed, let us take any starlike univalent function G that is not convex. For 0 < t < 1, and |x| < 1, |y| < 1, we consider the function
(2.11)
Since x, y are arbitrary, we would conclude that G is convex, which is a contradiction. Moreover, this argument shows that if G is any non-convex univalent function then (2.10) becomes false too. It would be interesting to check (2.10) under the assumptions that G is starlike univalent, F is convex univalent and F * G is convex univalent.
Conjecture. Let F be convex univalent. Further, let G be a starlike univalent function such that F
The above problems are connected with the notion of a subordinating factor sequence.
of complex numbers is said to be a subordinating factor sequence for the class X ⊂ {f ∈ H : f (0) = 0} if we have 
(2.13)
The above Lemma 2.7 is also a simple corollary of Theorem 2.5 if we take G(z) = z/(1 − z). It is easy to see that the condition (2.13) is also equivalent to {b n } ∞ n=0 being a subordinating factor sequence for the class of non-normalized convex univalent functions.
We can write inequality (2.13) equivalently as
Therefore we have the following corollary. Proof. It is known (1.2) that g ∈ coK if and only if Reg(z)/z > 1/2 which we can write as Re2 {g(z)/z − 1/2} > 0. Then we have 
Corollary 2.10 describes a subordinating multiplier for the class K.
As an application of the above results we shall investigate the properties of a family of functions of the form 
(2.17)
Proof. Note that the function (2.16) satisfies 
becomes a subordinating factor sequence for the class K.
Although F (t, x, y; z) ∈ coK and for certain parameters it is convex, F (t, x, y; z) does not have to be convex.
In the next lemma we consider another function in coK.
Lemma 2.12.
Assume that the function f n,b is given by f n,b (z) = z + bz n (z ∈ ∆), z ∈ ∆.
(2.19)
Then,
(ii) f n,b ∈ coK ⇔ |b| ≤ . This is also a necessary and sufficient condition for f n,b to be univalent in the unit disc.
Because f n,b ∈ coK if and only if |b| ≤ Concerning the last corollary, we remark that any convex combination of bc m z m is subordinated to F because F ∈ K.
This is contained in the following corollary.
